Abstract. In this paper, we prove the global existence for some 4-D quasilinear wave equations with small, radial data in H 3 × H 2 . The main idea is to exploit local energy estimates with variable coefficients, together with the trace estimates.
Introduction
In this paper, we are interested in the global solvability of small-amplitude spherically symmetric solutions for the Cauchy problem of the quasilinear wave equations with low regularity 
where h is smooth and h(0) = 0. We also assume that, for some even number p ≥ 2, the nonlinearity F takes the form F (∂φ) = a|∂ t φ| p + b|∇φ| p , p ∈ 2N, p ≥ 2 for some (a, b) ∈ R 2 . Here, H s rad stands for the space of spherically symmetric functions lying in the usual Sobolev space H s . Before presenting our main result, let us first give a brief review of the history, in a broader context. When h = 0, the equation (1.1) is semiliner: (1.3) φ tt − ∆φ = a|∂ t φ| p + b|∇φ| p , which is scale-invariant in the homogeneous Sobolev spaceḢ sc with
With general p ∈ R and p > 1, the local theory has been well understood. It is known that, with general spatial dimension n, the problem is locally well-posed in H s only if s ≥ s c (see e.g. Fang-Wang [1] ). On the other hand, the problem is locally well-posed in H s , for s > max(s c , n+5 4 ), at least when p ≥ 3 or p = 2 (see Tataru [17] , Fang-Wang [1] and references therein). In addition, if p ≥ 3 with n ≥ 2 or p = 2 with n ≥ 3, the problem is locally well-posed in H s for s > s c when the initial data have radial symmetry or certain amount of angular regularity (see (p ≥ 3), Sterbenz [16] (n ≥ 4), Hidano-Jiang-Lee-Wang [4] (n = 3 and p = 2)).
Concerning the global solvability of (1.3) with classical small data, it is related to the Glassey conjecture and it is known that the problem admits global small solutions in general, only if p > 1 + 2 n−1 (see Zhou [20] and references therein). The sufficiency of the condition was known for n = 2, 3 (Hidano-Tsutaya [8] , Tzvetkov [18] ) and n ≥ 4 in the radial case (Hidano, Wang and Yokoyama [7] ). The problem of long time existence with low regularity for (1.3) has been well investigated, see [9] , [16] , [3] , [4] and references therein.
Turning to the general quasilinear wave equation (1.1), the local theory was well developed for the case p = 2 and local well-posedness in H s is known when s > max( for n ≥ 6, see Smith-Tataru [15] and references therein. As the nonlinearity is algebraic, the problem admits global small solutions provided that n ≥ 4 or n = 3 with F = 0, see e.g. [10] , [11] and references therein.
There is not much work on the long time existence with low regularity for the quasilinear equation (1.1). The only known results are for the case n = 3 and p = 2 with radial data. When F = 0, Zhou and Lei [21] proved global existence for compactly supported H 2 rad × H 1 rad data. For general F with p = 2, the problem was investigated by Hidano, Wang and Yokoyama [5] , where almost global existence up to exp(c/ε) was shown for H 2 rad × H 1 rad data of size ε. When n is odd and n ≥ 5, the high dimensional global existence with small H (n+1)/2 rad × H (n−1)/2 rad data has also been proven in [6] . In this paper, when n = 4 and the initial data are radial, we would like to investigate the corresponding problem with minimal regularity. Now let us state our main result. Theorem 1.1. Let p ∈ R, p is even and p ≥ 2. Considering (1.1)-(1.2) with s = 3.
There exist a constant ε 0 > 0 such that for any data (f, g) with
Here r = |x|, ∂ = (∂ t , ∇) denotes the space-time derivatives, and we denote by C 0,1 the space of Lipschitz continuous functions. 
. We leave the details to the interested reader. Remark 1.3. The regularity assumption on the initial data is sharp in general, as sup p≥2 s c = 3. Remark 1.4. As we can see, our proof is robust enough to apply for situations when the coefficients a, b replaced by sufficiently regular (say C 3 ) functions of φ, and p can be any real number p ≥ 2. Finite combinations of nonlinearities with different p's could also be allowed.
Let us conclude the introduction by describing the strategy of the proof. We basically follow the approach that appeared in [5] to give the proof. We mainly exploit a variant of the local energy estimates for wave equations with variable coefficients, due to [13] and [5] . Such kind of estimates have been proven to be extremely useful for the wave equations, see e.g., [14, 12, 19] for more history and applications of such estimates. To effectively exploit the spherically symmetric assumption, trace estimates (Lemma 2.1, Corollary 2.2) play an important role, to gain spatial decay.
Notations. We close this section by listing the notation. Let
. Lastly, with r = √ 1 + r 2 , we set
We will also use A B to stand for A ≤ CB where the constant C may change from line to line.
Preliminaries
In this section, we collect various basic estimates to be used. We will use the following version of the weighted Sobolev estimates, which essentially are consequences of the well-known trace estimates, see, e.g., [2, (1.3), (1.7)] and references therein.
Lemma 2.1 (Trace estimates). Let n ≥ 2 and 1/2 < s < n/2, then
In particular, we have
Corollary 2.2. Let n ≥ 4, α be multi-indices with |α| = 1, 2, and 1/2 < s < n/2 + 1 − |α|, we have for any radial functions u,
Proof. Since u is radial, we have ∇u = x r ∂ r u, then
Which is (2.3) for |α| = 1. For |α| = 2, with ω i = xi r , we notice that u xixj = ω i ω j u rr + δij −ωiωj r u r . Based on this fact, we can get
Thus if we have s ∈ (1/2, (n − 2)/2) such that s, s + 1 ∈ (1/2, n/2), we have
which completes the proof.
We will also need the following weighted Sobolev estimates.
Lemma 2.3. Let n = 4 and m ∈ R, then for radial functions u, we have
Proof. 
where
As u is radial, Ωu = 0 and so is the first estimate. For the second estimate with k = 1, we notice
The same argument gives us the second estimate for general k.
We will also need a variant of the local energy estimates (see [5, Section 2] ). Let
Consider the linear wave equation with variable coefficients
with the initial data
Lemma 2.4 (Local energy estimates
Then, for any δ > 0, there exists C 0 > 0, which is independent of T ≥ 1, such that we have
dxdt.
Global Existence
In this section, we give the proof of the global existence for the quasilinear wave equation (1.1)-(1.2) , by exploiting the local energy estimates, as well as the spatial decay provided by the trace estimates. For this purpose, our first step is to define a sequence of approximate solutions as follows.
3.1. Approximate solutions. Firstly, we choose a radially symmetric function ρ ∈ C ∞ 0 (R 4 ) with R 4 ρ(x)dx = 1, and set ρ k (x) = 2 4k ρ(2 k x). Based on ρ, we define standard sequence of C ∞ , radially symmetric, approximate functions to (f, g),
As is well known,
Indeed, we can easily check this property by using
as data, we use a standard iteration to define the sequence of approximative solutions. Let φ −1 ≡ 0 and define φ k (k ≥ 0) recursively by solving
In order to ensure that the sequence {φ k } is well-defined, we will have to assume that ε = ∇f H 2 + g H 2 is small enough. Applying a standard existence, uniqueness and regularity theorem, we will see that, for all k = 0, 1, 2, . . ., φ k is well defined, radially symmetric for all time, and satisfies
3.2. A-priori estimates. To obtain the desired properties of the approximate solutions, we give some a-priori estimates for the equations. Let n = 4 and µ = 1/4 in Lemma 2.4, then (2.9) reads as follows,
where we have introduced∂h = (∂h,
By (3.5) and the definitions of Y 1 , Z 1 norms, we immediately get the following lemma.
be a solution of the wave equation
Then we have
Proof. These estimates are direct consequences of (3.5) by the Cauchy-Schwartz inequality. For illustration, let us present the proof for (3.8). At first, we observe that the second term on the right hand side of (3.5) could be controlled by
Plugging this estimate to (3.5), we arrive at (3.8) by absorbing the term φ Y1(T ) . This completes the proof.
With help of Lemma 3.1, we could prove the following higher order estimate.
Lemma 3.2 (Higher order estimate
. Assume that they satisfy
Then there exists C 1 > 0, independent of T , such that we have
As h ∈ C 3 and h(0) = 0, there exists a positive constant C 1 such that |h(φ)| ≤ 1 8 in S T , provided that φ E3(T ) ≤ C 1 . Also, we have h j (φ) 1 for j ≤ 3. By the inequality (2.1), as δ ∈ (0, 1/4), we see that
which, combined with |h(φ)| ≤ 1 8 , gives us (3.7). By (2.3), we get
, as δ ∈ (0, 1/4) and p ≥ 2, we have −ǫ(p − 1) +
Applying (3.9) to (3.10), we obtain
Turning to the estimate of higher order, we apply ∇ ≤2 to the equation to get
Then, by Lemma 3.1, the proof of (3.11) is reduced to the following estimate
We deal with each item of R separately. At first, for ∇ ≤2 F (∂φ), we have
As δ ∈ (0, 1/4) and p ≥ 2, by choosing ǫ ∈ (0, 
For the second term, ∇φ∇ ≤1 ∆φ, by (3.12) with ǫ = 1/2, we have
Turning to the third term, |(∇ 2φ )∆φ|, we follow similar argument for |∂∇φ| 2 , i.e., using (2.5), to conclude
It remains to control the last term, (∇φ) 2 ∆φ, for which we use (3.12) with ǫ = 1/4 to get
where we have used the boundedness of φ E3(T ) . This completes the proof.
3.3.
Boundedness of the approximate solutions in X 3 (T )∩Y 3 (T )∩Z 3 (T ). In this subsection, we show that the approximate solutions φ k are globally well-defined and bounded in
Then there exist positive constants ε 1 , C 2 such that if ε ≤ ε 1 , the functions φ k ∈ C ∞ ∩ CH s ∩ C 1 H s−1 for any s ≥ 4 and enjoy the uniform bound
Proof. The proof proceeds by induction. At first, letting φ = φ 0 ,φ = 0, we have
which is global solvable, well-defined and smooth in S T for any T < ∞. Moreover, applying Lemma 3.2, we get
for some C > 0, independent of T ≥ 1. As we know from the definition (3.
for any s ≥ 1 and
we have
In order to define φ 1 by (3.3), we need to verify that φ 0 satisfies φ 0 E3(T ) ≤ C 1 so that |h(φ 0 )| ≤ 1/8. Let C 2 = 2C and C 2 ε 1 ≤ C 1 , we make the inductive assumption that for some m ≥ 1, we have for any
and φ = φ m is global solvable, well-defined, smooth in S T and φ k ∈ CH s ∩ C 1 H s−1 for any s ≥ 4. Moreover, by (3.11), we have
Now if we choose ε 1 > 0 such that
This completes the proof by induction.
3.4.
Convergence in X 1 (T )∩Y 1 (T ). In this subsection, we show that the approximate solutions are convergent to the desired solution of the quasilinear problem. At first, let us give the following lemma. 2) . Assume that they satisty
Then there exists C 3 > 0 such that for any T ≥ 1, we have
Proof. If we set φ
By (3.8), we have
By (2.1) and the Sobolev embedding, we have
E1(T ) , where, in the second inequality we used in X 1 (T 2 ) ∩ Y 1 (T 2 ). Therefore, we have shown that there exists an extension of φ ∈ X 1 (T 1 ) ∩ Y 1 (T 1 ) such that φ k → φ in X 1 (T 1 + T 2 ) ∩ Y 1 (T 1 + T 2 ), while we still have the uniform bound φ E3(T1+T2)∩Y3(T1+T2)∩Z3(T1+T2) ≤ C 2 ε. Repeating this argument, we can extend the solution to any T < ∞. This completes the proof of Theorem 1.1.
